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AN AUTOMORPHISM OF A FREE METABELIAN GROUP
WITHOUT FIXED POINTS
MARTIN KASSABOV
Abstract. We construct an example of an IA-automorphism of the free metabelian
group of rank n ≥ 3 without nontrivial fixed points. That gives a negative
answer to the question raised by Shpilrain in [5]. By a result of Bachmuth [1],
such an automorphism does not exist if the rank is equal to 2.
1. Introduction
The study of free metabelian groups began in the 30-es with the work of Magnus [4].
Later Bachmuth wrote a series of papers [1, 2, 3] devoted to automorphisms of
the free metabelian groups. In [5] Shpilrain studied the fixed points of the endo-
morphisms of free metabelian groups. There, he raised the question whether any
IA-automorphism (i.e., an automorphism which acts trivially on the abelianization)
of the a metabelian group has a nontrivial fixed point. In this paper we construct
explicitly an IA-automorphism without fixed points when the number of genera-
tors is at least 3, thus giving negative answer to Shpilrain’s question. Such an
automorphism does not exist in the two-generator case by a result of Bachmuth.
In the next section we have summarized several known results about free metabelian
groups. Section 3 describes an automorphism without fixed points.
The author thanks his adviser E. Zelmanov for useful discussions during the prepa-
ration of the manuscript, and the referee for suggesting significant refinements of
remark 3.8.
2. Free Metabelian Group
Let Fn be the free group on the generators g1, . . . , gn. Let F
′
n = [Fn, Fn] be its
commutator subgroup, and let F ′′n = [F
′
n, F
′
n] be the second commutator subgroup.
The group Mn = Fn/F
′′
n is called the free metabelian group of rank n. We will
denote by gi the generators of Mn.
Let φ be the two dimensional representation of the group Mn defined by
φ(gi) =
(
si ti
0 1
)
.
The coefficients of these matrices lie in the ring Z[s±1i , ti] obtained from Z by
adjoining the commuting variables si and ti together with the inverses of si. This
representation is known as the Magnus representation. Magnus [4] showed that:
Theorem 2.1. The representation φ is faithful.
The following lemma from [1] describes the image of the representation φ.
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Lemma 2.2. Let S = sj1
1
. . . sjnn , where ji are arbitrary integers. Let γi be polyno-
mials in s±1i . Then the matrix (
S
∑
γiti
0 1
)
lies in the image of φ if and only if γi satisfy the identity∑
γi(1− si) = 1− S.
Also, every element in Im(φ) is a matrix of the above type.
The following lemma (also from [1]) gives a representation of the IA-endomorphisms
by matrices over the ring Z[s±1i ]:
Lemma 2.3. Let α be an IA-endomorphism of the group Mn. There exist polyno-
mials αi,j on s
±1
i such that
φ(α(g)) = α¯(φ(g)),
where α¯ is the endomorphism of the coefficient ring Z[s±1i , ti] of the representation
φ defined by
α¯(ti)=
∑
αi,jtj
α¯(si)= si.
3. Construction of an Automorphism
In this section we give an explicit example of an automorphism of the group Mn,
which has no fixed points.
Lemma 3.1. Let αn be an endomorphism of Mn for n ≥ 3 defined by
αn(gi) =
[
[g1, g2]gn, gi
]
gi if i < n
αn(gn) = [g1, g2]gn.
Then αn is an IA-automorphism of Mn. Here, [g, h] = ghg
−1h−1 denotes the
commutator of the elements g and h.
Proof. Let β1 be the automorphism onMn which is the conjugation by the element
gn, i.e., β1 : g → gngg
−1
n ; and let β2 be the automorphism defined by β2(gi) = gi
for all i < n and β2(gn) = [g1, g2]gn. The composition β2 ◦β1 acts on the generators
as follows:
β2 ◦ β1(gi) = β2([gn, gi]gi) =
[
[g1, g2]gn, gi
]
gi if i < n
β2 ◦ β1(gn) = β2(gn) = [g1, g2]gn for i = n.
We have αn = β2 ◦ β1, and therefore αn is an automorphism. The automorphism
αn acts trivially on the abelianization of Mn because both β1 and β2 do. 
Lemma 3.2. The automorphism αn has no nontrivial fixed points in Mn.
Proof. Let us give a direct proof using the Magnus representation.
Assume the contrary: let g 6= 1 be a fixed point of the automorphism αn. First,
let us compute the action of the endomorphism α¯n (defined in lemma 2.3) corre-
sponding to the automorphism αn.
Lemma 3.3. The endomorphism α¯n acts on ti as follows:
α¯(ti)= snti + (1− si)
(
(1− s2)t1 − (1− s1)t2 + tn
)
, for i ≤ n
α¯(tn)= (1− s2)t1 − (1− s1)t2 + tn.
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Proof. We have that
φ([g1, g2])=
(
s1 t1
0 1
)(
s2 t2
0 1
)(
s−1
1
−s−1
1
t1
0 1
)(
s−1
2
−s−1
2
t2
0 1
)
=
(
1 (1− s2)t1 − (1 − s1)t2
0 1
)
.
Therefore,
φ(αn(gn)) =
(
sn (1− s2)t1 − (1− s1)t2 + tn
0 1
)
and for i ≤ n
φ(αn(gi)) = φ(αn(gn))
(
si ti
0 1
)
φ(αn(gn))
−1 =
=
(
si snti + (1− si)
(
(1− s2)t1 − (1− s1)t2 + tn
)
0 1
)
.
This, combined with the definition of α¯n, proves the lemma. 
Let
φ(g) =
(
S
∑
γiti
0 1
)
,
where γi are polynomials in s
±1
i .
Lemma 3.4. If φ(g) = α¯n(φ(g)), then γi = 0 for 3 ≤ i < n, and there exists
A ∈ Z[s±1i ], such that
γ1=(1 − s2)snA,
γ2=−(1− s1)snA,
γn=(1 − sn)A.
Proof. We have that
α¯n(
∑
γiti) =
∑
γiα¯n(ti) =
=
∑
i≤n γi
(
snti + (1− si)
(
(1− s2)t1 − (1− s1)t2 + tn
))
+
+γn
(
(1 − s2)snt1 − (1− s1)snt2 + tn
)
.
Equating the coefficients of ti in
∑
γiti and α¯n(
∑
γiti), we have:
coefficient at t1 : γ1 = snγ1 +
∑
j<n(1 − si)(1 − s2)γk + (1− s2)snγn
coefficient at t2 : γ2 = snγ2 −
∑
j<n(1 − si)(1 − s1)γk − (1− s1)snγn
coefficient at ti : γi = snγi, for 3 ≤ i < n
coefficient at tn: γn =
∑
j<n(1− sj)γj + γn.
The element 1 − sn is not a zero divisor in the ring Z[s
±1
i ]. Therefore, we have
γi = 0, for 3 ≤ i < n. Thus, the system is reduced to
(1− sn)γ1 =(1− s2)
((
(1− s1)γ1 + (1 − s2)γ2
)
+ snγn
)
(1− sn)γ2 =−(1− s1)
((
(1− s1)γ1 + (1− s2)γ2
)
+ snγn
)
0= (1− s1)γ1 + (1− s2)γ2.
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The expression in the middle brackets of the first two equations is zero. Therefore,
they are reduced to
(1− sn)γ1 =(1− s2)snγn
(1− sn)γ2 =−(1− s1)snγn.
The elements 1 − si are prime in the ring Z[s
±1
i ]. Therefore, (1 − sn) divides γn,
(1 − s1) divides γ2 and (1 − s2) divides γ1, i.e., there exist elements Ai such that
γ1 = (1− s2)A1, γ2 = (1 − s1)A2 and γn = (1 − sn)An. From the system above it
follows that A1 = −A2 = snAn, which completes the proof. 
Lemma 3.5. If φ(g) = α¯n(φ(g)), then φ(g) = 1.
Proof. The matrix
(
S
∑
γiti
0 1
)
is in the image of φ. By lemma 2.2 we have
that 1− S =
∑
γi(1− si). Applying the previous lemma, we have
1− S = (1− sn)
2A.
If S 6= 1, then the point (1, . . . , 1) is a simple zero of the left hand side, but it is a
double of the right hand side, a contradiction. Therefore, the only solution to the
above equation is S = 1 and A = 0, i.e., φ(g) = 1. 
This shows that any fixed point of the automorphism αn lies in the kernel of φ. By
lemma 2.1 the representation φ is faithful. Therefore, the automorphism αn has no
nontrivial fixed points. 
Thus, we have shown:
Theorem 3.6. There exists an automorphism of the free metabelian group on more
than 2 generators which acts trivially on the abelianization, and the only fixed point
is the identity.
Remark 3.7. Every IA-automorphism of the group M2 has a fixed point. Bach-
muth [1] has shown that every such automorphism is inner, and therefore, has a
fixed point.
Remark 3.8. For the construction of the automorphism αn we were motivated by
the Lie correspondence. It is well known that many problems regarding a Lie group
G can be transferred to similar problems about its Lie algebra.
In general, these two problems are not equivalent, because the exponential map
is not a bijection. In the case of connected unipotent Lie groups, the exponential
map is a bijection, and one can use the Lie correspondence to relate the question of
existence of IA-automorphisms without fixed points to the existence of derivations
of their Lie algebras with trivial kernel.
We could not apply this correspondence directly to our problem because Mn is
not a unipotent Lie group. One way to go around this problem is to embed
Mn into a pro-unipotent Lie group M˜n, where M˜n is constructed as follows: Let
A = R〈〈x1, . . . , xn〉〉 be the algebra of formal power series of the non-commuting
variables xi and let A
′′ be its second commutator subalgebra. Finally, let M˜n be
the closure of the subgroup of the multiplicative group of 1 + A/A′′ generated by
the images of 1 + xi together with the operations g → g
α for any real number α,
where the operation is defined as a formal power series.
The Lie algebra corresponding to the pro-unipotent group M˜n is the free metabelian
Lie algebra MLn on n generators, i.e., the quotient of the free Lie algebra by its
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second commutator algebra. Our first step was to construct a derivationDn ofMLn
with a trivial kernel — we took Dn(xi) = [xi, xn] for i < n and Dn(xn) = [x1, x2]
and proved that it has a trivial kernel using a well known basis of the free metabelian
algebra MLn. The next step was to lift this derivation to the automorphisms of
M˜n and Mn, i.e., to construct an automorphism αn of Mn such that its extension
to M˜n is almost the same as exp(Dn).
In the case of the free metabelian group, the Lie correspondence is relatively weak
— for example there exist derivations of ML2 without kernel but they can not be
used to construct automorphisms of the group M2.
One way of showing that the automorphism αn moves any nontrivial element g ∈
Mn is to pass to a suitable nilpotent quotient ofMn and use the Lie correspondence
there. Although such a proof would be conceptually easier, the are many additional
details that have to be proved, which would make it more technical. Therefore,
we chose the more direct proof involving the Magnus representation of the free
metabelian group.
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